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DOWNSIDE RISK MINIMIZATION VIA A LARGE 
DEVIATIONS APPROACH^ 

By Hideo Nagai 

Osaka University 

We consider minimizing the probability of falling below a target 
growth rate of the wealth process up to a time horizon T in an in- 
complete market model, and then study the asymptotic behavior of 
minimizing probability as T — ^ oo. This problem can be closely re- 
lated to an ergodic risk-sensitive stochastic control problem in the 
risk-averse case. Indeed, in our main theorem, we relate the former 
problem concerning the asymptotics for risk minimization to the lat- 
ter as its dual. As a result, we obtain an expression of the limit value 
of the probability as the Legendre transform of the value of the control 
problem, which is characterized as the solution to an H-J-B equation 
of ergodic type, in the case of a Markovian incomplete market model. 

1. Introduction. Risk management is a main topic in the study of fi- 
nance. In the present paper, we consider the problem of minimizing the 
downside risk associated with an investor's total wealth in a certain incom- 
plete market model. More precisely, let be the price of a riskless asset 
with the dynamics dS^ = rtS^ dt, [S^, . . . , 5"™) the prices of the risky assets, 
and Nl, i = 0, . . . ,m, the number of shares of ith. security. Then the total 
wealth that the investor possesses is defined as 

m 
1=0 

and we assume a self-financing condition. 



dVt = Y,NldSl 



i=0 
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When setting the proportion of the portfoho invested in the ith security as 

ri msi , 
ni = , we have 

dVt A . . ds: 



and the total wealth is denoted by Vt = Vtih), which is the solution to this 
stochastic differential equation for a given strategy ht ■ Let us consider min- 
imizing the probability 

(1.1) iWf^^ 

for a given target growth rate k by selecting portfolio choice h. Let us make 
clear the meaning of the probability. If we choose strategy (/i^, . . . , Kp) = 
(1,0,..., 0), then we have 



dVt _ dS^ 



dlogVt='^ = '^ = d\ogSl 



Thus, the probability is always 1 for large time T and k > 0. Accordingly, in 
considering the above minimization, we investigate the extent for which we 
can improve the probability by selecting a strategy, as compared with the 
trivial strategy of investing the total wealth in a riskless asset. The latter 
strategy is considered the benchmark in terms of finance. 
We shall consider the asymptotic behavior of the probability 

(1.2) M^i,w,ogp(il„gl^<„). 

According to the theory of large deviation, it is natural to relate (1.2) to 

(1.3) x{l)-= lim -inflog£;[e^'°g(^^W/^T)] 

r^oo T h. 

for 7 < 0. Namely, as T — )• oo, 

;^inflogP( ;^log^^^^^ G (-oo,«;] ) ^ - inf sup{7A; - x(7)} 

In. \1 J J, J oo,k]^<0 

is expected to hold since the Legendre transform /(/c) of x(7)) 

/(/c) = sup{7A; - x(7)}, 

7<0 

is regarded as the rate function of the asymptotics, if x(7) is a convex func- 
tion; cf. [10]. Note that we can see from Holder's inequality that 
log£;[(^^)'^] = log£;[e^i°g(^T^('')/'5T)] is a convex function of 7, but this 
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does not always imply the convexity of its infimum 



(1.4) inflog^ 

h. 



inflog^[e^^°e(VTW/s^)] 



Therefore, the convexity of x(7) cannot be determined immediately and the 
above idea does not directly apply. In the present paper, we will find the 
convexity of x(7) by identifying the solution of the H-J-B equation of ergodic 
type with the limit value (1.3); cf. Proposition 4.2 and Corollary 4.1. Then 
we shall see that the duality relation between (1.2) and (1.3) holds under 
suitable conditions, as expected; cf. Theorem 2.4. 

Minimization (1.4), which is equivalent to power utility maximization, 
could be regarded as a risk-sensitive control problem. The infinite time hori- 
zon counterpart of (1.4) without a benchmark, 

(1.5) inf lim ^logE[e^^°^^-^^% 

has been extensively studied as risk-sensitive control (e.g., [4, 5, 13-15, 20, 
21, 24, 28, 30]), and a benchmarked case has recently been reported in [9]. 
From the viewpoint of stochastic control theory, it may appear more natural, 
compared with the above relationship between (1.2) and (1.3), to relate 

(1.6) inf lim llog^[e^l°g(^^W/^T)] 

T->oo T 

to 

(1.7) inf^li^llogp(^llog^5^ < K 

which is considered in the present paper as well; cf. Theorem 2.5. 

We note that the problem relating (1.2) to (1.3) is thought to be equivalent 
to considering 

lim — inf logPf — logVr(/i) < K 

and 



X(7):= lim inf log^[e^'°sVTW] 

T h. 



without a benchmark. However, the arguments in this article may be simpler 
than in the case without a benchmark (cf. Remark 2.2). 

In previous papers [19, 29], we studied similar asymptotic behavior with- 
out benchmarks for linear Gaussian models in relation to the asymptotics 
of risk-sensitive portfolio optimization. Indeed, we established a duality re- 
lation between these problems, and as a result, an explicit expression of the 
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limit value of the probability minimizing downside risk for each case of full 
and partial information. To obtain those results, the key analysis involved 
Poisson equations derived by taking derivatives with respect to 7 of the H- 
J-B equations of ergodic type corresponding to risk-sensitive control over an 
infinite time horizon. Since the solutions of the H-J-B equations can be ex- 
plicitly expressed as quadratic functions by using the solutions of the Riccati 
equations for linear Gaussian models, analysis of the differentiability of the 
solutions of the Riccati equations with respect to 7 was essential in those 
works. 

In the present paper, we shall consider general diffusion market models 
and discuss the above-mentioned duality relation between the asymptotics of 
the minimization of downside risk and the risk-sensitive stochastic control 
for large time. Since the solutions of H-J-B equations of ergodic type do 
not always have explicit expressions, we need to consider, in general, the 
differentiablity with respect to 7 of H-J-B equations of ergodic type. The 
analysis is presented in Sections 5 and 6 based on the results concerning 
H-J-B equations of ergodic type and related stochastic control problems 
given in Sections 3 and 4. Here, we mention the ongoing work of Hata and 
Sheu [22] , which is closely related to the present paper and examines similar 
problems under the assumptions that a{x) in (2.2) in Section 2 is bounded 
and that P{x)*x < —c\x\'^ for |x| > R in place of (2.19). We shall explain 
more precisely the relationships between these papers in Remark 2.3. 

We note that maximization of an upside chance probability for the long 
term was studied by Pham [31, 32] for continuous time models, and then by 
Stettner [34] for discrete time models, in relation to risk-sensitive portfolio 
optimization in the risk-seeking case. By regarding the maximization prob- 
lem as large deviation control, Pham established a duality relation between 
these two types of problems. Explicit calculation of the limit value is given in 
the case of 1-dimensional Gaussian models. The problem was later extended 
to a nonlinear case by Hata and Sekine [20, 21] and also to the partial infor- 
mation case by Hata and lida [18] for 1-dimensional Gaussian models. See 
also related works [6, 7, 35]. However, asymptotic estimates of downside risk 
probabilities and upside chance probabilities cannot be obtained in paral- 
lel. Indeed, obtaining the estimates of downside risk is rather difficult than 
those of upside chance and further analysis of H-J-B equations is required to 
show the estimates as was shown in [19]. Further note that large deviations 
control (1.7) is an unconventional optimization problem, and thus we need 
to employ a new approach to study it. 

2. Setting up and main results. Consider a market model with m + 1 
securities and n factors, where the bond price is governed by the ordinary 
differential equation 

(2.1) dS\t) = r{Xt)S\t)dt, 5°(0) = s°. 
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The other security prices and factors are assumed to satisfy the stochastic 
differential equations 



dS'{t) = S\t)l a\Xt)dt+ ai{Xt)dWt 

{ k=l ) 

(2.2) 

S\{)) = s\ i = l,...,m, 

and 

dXt = (3{Xt)dt + X{Xt)dWu 

(2.3) 

X(0) =x, 

where Wt = (W^/^)fc=i_,,,^(„_|_m) is a standard m + n-dimensional Brownian 
motion process on a probabihty space {Q,J-,P). Let Nl be the number 
of the shares of the ith security. Then, the total wealth that the investor 
possesses is defined as 

m 

i=0 

and the proportion of the portfolio invested in the ith security is 

hl = ^, i = 0,l,2,...,m. 
Nt = {N^,Nl,N^,. . . , iV/") [or, ht = ihl,..., hf)] is called self-financing if 



dV, = Y^NldSl = Y^^dSl. 

1=0 i=0 * 

Thus, under the self-financing condition, we have 

r m ( n+m 

dVf 



= h^,r{Xt) dt + Y,K\ o^\Xt) dt+Y. ^K^*) 
^ 1=1 I j=i 



n+m 



= r{Xt)dt + Y,^t \ {a\Xt)-r{Xt))dt+ ^ a]{Xt)dWi \. 

i=i I j=i ) 

Here we note that ht is defined as an m-vector consisting of , . . . , /i™ since 
= 1 — 1 h\ holds by definition. 

The filtration that must be satisfied by admissible investment strategies 

gt = a{S{u),X{u),u<t) 
is relevant in the present problem, and we introduce the following definition. 
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Definition 2.1. /i(t)o<t<r is said to be an investment strategy if h{t) 
is an R"^ valued ^j-progressively measurable stochastic process such that 

rT 



^(i) 1^(^)1^^^ 



The set of all investment strategies is denoted by T-L{T). For a given h G 
T-L{T), the process Vt = Vt{h) representing the total wealth of the investor at 
time t is determined by the stochastic differential equation shown above. 

^ = r{Xt) dt + h{tY{a{Xt) - r{Xt)l) dt + h{tYa{Xt) dWt, 

(2.4) 

Vo = vo, 

where 1 = (1, 1, ... , 1)*. 

We are interested in the asymptotics of minimization of a downside risk 
for a given constant k in comparison with investing the whole portfolio in 
a riskless security as the benchmark 

(2.5) JiK):= lim 1 inf logp(l log < . 

We also examine downside risk minimization with the benchmark over 
an infinite time horizon, 

(2.6) Joo(^):= inf lim 1 logpfl log ^^^^ < k 
where 

n = {h-he'H{T)yT}. 

J{n) will be shown to be related to the following risk-sensitive asset alloca- 
tion problem with benchmark . Namely, for a given constant 7 < 0, let us 
consider the asymptotics 

(2.7) x(7) = lim ;^ ^ inf J{v, x- h; T), 



where 

r 

(2.8) J {v, x; h;T)= log E 



logii;[e^'°s(V'^('^)/^T)] 



and h ranges over the set A(T) of all admissible investment strategies defined 
by 

A(T) = {h£ %(T)]E[e^ -^0 K''^^''')''-'^''-^'^'^ /'^'^ !o = 1}. 



(2.111 
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Then we shall see that (2.5) could be considered the dual problem to (2.7), 
while (2.6) is the dual problem to risk-sensitive asset allocation over an 
infinite time horizon, 

(2.9) Xooil) = irif ]im ^J{v,x;h-,T), 
where 

^ = {/i;/iG^(r);Vr}. 
We shall consider these problems under the assumptions that 

(2.10) a and (3 are globally Lipschitz, A S C^, cr, r G C^, a, /? G 
and 

■ ciieP < rAA*(x)^ < C2\i\\ ci,C2 > 0,e G i?", 

.ci|Cp<CW(x)C<c2|C|', Cg^™, 

hold. In considering these problems, we first introduce the value function 

(2.12) v{t,x)= inf log£;[eT^°s(^^-*('')/^^-t)]. 

/i.e^(T-i) 

Note that 

g7 log V-T ^ ^7g7 /o^ {K-^. )- (l/2)ft>a* (X, )h4 /o^ ) dW'. ^ 

where a{x) = a{x) — r{x)\. Therefore 

g7(log Vt -log 50 ) ^ ^7g7 /o^ ds+7 /o^ ) dH^. -(7^2) (X, ^ 

where 

ri{x, h) = h*a{x) ^--^h*aa*(x)h. 

By introducing a probability measure 

the dynamics of the factor process can be written as 

dXt = {f3{Xt) + -fXa*{Xt)ht} dt + XiXt) dWt\ Xq = x, 
with the new Brownian motion process Wj^ defined by 



Wl':=Wt-7 [' a*{Xs)hsds, 
Jo 



and the value function written as 

(2.13) v{t,x) = -flogvo+ inf log^'^[eT^o^"'^(-'^-'^^)'^"]. 

h.eA[T) 
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The H-J-B equation for the value function v{t,x) is 

' - + -tr[XX*D\] + -iDvr\X*Dv 

+ mi{[(3 + jXa*h]*Dv + -fT]{x, h)} = 0, 

h 

, v{T,x) =7logvo, 

which is also written as 

dv 1 1 
(2.14) { -q^ + 2^^[^>^*DM + P*Dv + -{DvYXN-^X*Dv-U^ = Q, 



v{T,x) =7 log 1)0, 



where 



« = /? + -J—Xa*{aa*)-^a, 
1-7 

' 1 ~ 7 



and 



a [aa ) a. 



2(1-7) 



Remark 2.1. 

inf {hXa*h]*Dv + jT](x,h)} 



inf {[-iXa*h]*Dv-'^ — ^h*aa*h + -fh*a 



h&R 



inf 



7(1-7) 



X aa 



h {aa*)-^{a + aX*Dv) 

1-7 



{aa*)'\a + aX*Dv) 



1-7 



+ 



7 



(a + cjA*Dw)*((T(j*)-^(a + aX*Dv) 



2(1-7) 



} 



Therefore, the function 



h{t,x) := {aa*y\a + aX*Dv) 

1-7 

defines the generator of the optimal diffusion L for inf^g_4(y) J{v,x;h; 



L^j := -tr[XX*D'^ij] + 



P + ^^X(T*{aa*YUa + aX*Dv) 
1-7 



which is seen in Proposition 2.1. 
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Set V = —V. Then, 

{dv 1 1 
— + - ti[XX*Dh] + I3;Dv - -{DvyXN~^X*Dv + C/^ = 0, 
v{T,x) = -7logz;o. 

Since / — a*{aa*)~^a > 0, which is easily seen by taking ^ = a*C + fJ-, with n 
orthogonal to the range of a*, and seeing that — a*{aa*)~^a)(, = iJ,*fi, 
we have 

(2.16) /<A^~^</. 

1-7 

As for existence of a solution to (2.15) satisfying sufficient regularities, we 
have the following results; cf. [3, 28]. 

Theorem 2.1 ([3, 28]). Assume (2.10) and (2.11). Then H-J-B equa- 
tion (2.15) has a solution such that 

v{t,x) +7 log Wo > 0, 

dv dv d'^v 

dt ' dxk ' dxf 

d'^v d'^v d^v 



(E L''{0,T:L'{R")), 



dt"^ ' dxk dt ' dxk dxj dxi ' dxk dxj dt "~ " ' ""loc 

dv 

and 

\Vv\^ - k,— < C{\VQ,\% + ig^li, + |V(AA*)|2^ 

+ |V/3t,|2p + \P^\lp + \U^\2p + |VC/^|2p + 1) 

forxeBp andt€[0,T), where = XN~^X* , A;o = c> 0, \ f\2p = 

supj^.^ggjp} 1/(^)1; is a universal constant and Bp = {x £ i?"; < p}. 

For h{t,x), we consider the stochastic differential equation 

dXt = {f3{Xt) + -fXa*{Xt)h{t, Xt)} dt + XiXt) dW^, Xq = x, 

and define ht := h{t,Xt) for the solution Xt of the stochastic differential 
equation. Note that the solution of this stochastic differential equation is 
obtained by the change of measure from the solution of (2.3). Indeed, we can 
see that has at most linear growth under assumptions (2.10) and (2.11) 
from the above gradient estimates, and therefore, 

^^^yji^h(s,XsrcT{Xs)dWs-iy^/2)f^his,Xsraa-'iXs)h(s,Xs)ds-^ = 1 

holds. Thus 

._ ^^^-/lfh(s,X,ra{X,)dW,-i-/y2)j;[h{s,Xsraa*{Xs)h{s,Xs)ds.j^ 
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defines a probability measure. Under this measure, Xt turns out to be a so- 
lution of the above stochastic differential equation. 

The following is a verification theorem, the proof of which is almost the 
same as the proof of Proposition 2.1, [28], and thus is omitted here. 

Proposition 2.1 ([28]). Assume (2.10) and (2.11). Then hl'^'^^ = ht := 
h{t,Xt) G -^{T) and it is optimal 

(2.17) v{0,x) = inf log^[e^(^°sV'TW-iogSO)] ^ iog^[g7(iogFTW-iog50)]_ 

h. 

Let us consider an H-J-B equation of ergodic type that is thought to be 
the limit equation of (2.14). Namely, 

(2.18) X = lti[X\* D^w] + P*Dw + ^{Dw)*XN-^X*Dw - Uy. 
Set 

G{x) := /3(x) - \a*{aa*)-^a{x), 

and assume that 

(2.19) G{xyx<-CG\x\^ + c'g, cg,c'g>0, 
and 

(2.20) a* {aa*)^^a ^ oo as|x|— )'00. 

Under these assumptions, we have a solution to the H-J-B equation of er- 
godic type, and the proof is given in Proposition 3.1 in Section 3. 

Proposition 2.2. Assume (2.10), (2.11), (2.19) and (2.20). Then (2.18) 
has a solution (x,u^^'*^^) such that w G C^{R'^), 

w{x) — >• — oo as \x\ — )■ oo 

and the solution satisfying this condition is unique up to additive constants 
with respect to w. 

We further assume that 

(2.21) a* {aa*)~^a> cq\x'^ — Cq, co,Co>0. 

Then we have the following theorem, and the proof is given after Proposi- 
tion 4.2 in Section 4. 

Theorem 2.2. Under assumptions (2.10), (2.11), (2.19) and (2.21), we 
have 

X{l)= lim ^v{{),x]T)=x{l)- 

T-i-oo 

The following results are important to prove our main results, and the 
proofs are given in Lemma 6.3, Lemma 7.1 and Corollary 4.1. 
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Theorem 2.3. Let (x,ty*-'^'') he a solution to (2.18). Then under the 
assumptions of Theorem 2.2, x{l) o,nd w^'^^ are differentiable with respect 
to 7 and x{l) convex. Their derivatives satisfy 

= ^tr[XX* D^w^] + {(3; + iDw^^^yXN-^X*)Div^ 

(2.22) 

+ TT7T^^{« + <jX*Dw^^^}*{aa*)-'{a + aA* W^)}, 
2(1-7)^ 

where = ^^y- • Furthermore, 

lim x'il) = 0. 

7— oo 

Remark 2.2. It is important to know the hmit value lim^_>._oo x'(7) 
since it determines the left endpoint of the interval of the target growth 
rate k, which makes J{k) finite. Here we compare the results above with 
those to be expected for the case without a benchmark, considering asymp- 
totics 

X(7):= lim inf log ^[6^^°^^^ 
r^.oo T h. 

The H-J-B equation of ergodic type of this problem becomes 

X = \ iT[XX*D^w] + l3*Dw + \{Dw)*XN;^^X*Dw -U^ + 7r(x), 
and we can obtain its derivative 

X'(7) = ^tr[AA*i^2^-,] + (/3; + {Dw)* XN-^X*)Dw^ 

+ -^jr^ — ^{a + aX*Dwy{aa*)~^{a + aX*Dw} + r 

through almost the same arguments as the current ones provided to obtain 
the results in the present article. The difference appears in considering the 
asymptotics of x'il) as 7—)- —00. Indeed, 

lim x{l) = li™ / r{x)mr^{dx) < 00 
7— 00 7—)-— 00 J 

could be seen as in [22], where m^(dx) is the invariant measure of L-diffusion 
process and L is defined by 

L^ = ^ tr[AA*L»V] + {P-y + XN-^X*DwyD^p. 

Note that L corresponds to L defined by (4.16) in the present paper and 
can be shown to be ergodic under suitable conditions in a manner similar 
to the proof of Proposition 4.3. 

Now we can state our main theorems. The proofs are given in Sections 7 
and 8. 
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Theorem 2.4. Under the assumptions of Theorem 2.2, for < k < 

x'(o-), 

(2.23) ./(k) = - inf sup{7A;-x(7)} = -sup{7K-x(7)}- 

fee(-oo,re] -y<0 7<0 

Moreover, for such that x'(7('^)) = n £ (0, x'(0— )), take a strategy 

^(7(«:).7') jg^jj^g^ j^j^ Proposition 2.1. Then, 



For K < 0, 



J(k) = - sup{7«; - x{l)} = -oo. 

7<0 



For the solution w = w^"'^ to H-J-B equation ergodic type (2.18), let us 
set 

h(x) = -^(aa*)-^(a + aX*Dw)(x). 
1-7 

Further consider the stochastic differential equation 

(2.24) dXt = {f3{Xt) + -fXa*iXt)h{Xt)}dt + XiXt)dW~^, Xo = x, 

and define hp^'^^^ := h{Xt) for the solution Xt of the stochastic differential 
equation. Then we have the following theorem. 

Theorem 2.5. Under the assumptions of Theorem 2.2, let < k < 
x'(0— ) and 7(k) be the same as above. We also assume that 

(2.25) {Dw^^^)*Xa*{aa*y^aX*Dw''"'^ <a*{aa*)~^a, 7 = 7(k). 
Then 



Joo{k) = J{k) = - inf sup{7/c-x(7)} = -sup{7K-x(7)} 

fcG(-oo,K] 7<o 7<0 



J{k) = hm - log P log >- < kT 



and 



T^ooT ^ \ ^ 50 

Remark 2.3. In our previous paper [19], we studied similar problems 
without benchmarks in the case of linear Gaussian models. Specifically, we 
discussed the case where a{x) = Ax + a, (3{x) = Bx + 6, a[x) = a, X{x) = X 
and r[x) = r, in which A, B, a and A (resp., a and b) are all constant 
matrices (resp., vectors), and r is a constant. Under the main assumption 
that 



G:=B- Xa*{aa*)-'^A is stable. 
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which corresponds to (2.19) above, we obtained results similar to Theo- 
rems 2.4 and 2.5. The present paper is a natural extension to general diffu- 
sion incomplete market models. On the other hand, Hata and Sheu [22] treat 
the case where a{x) is bounded, and /3(x)*x < — c|xp for \x\ > R, in which 
linear Gaussian models are excluded. In that case, U-y becomes bounded 
and they employ quite different methods from ours to analyze H-J-B equa- 
tion (2.18), while assumption (2.21) is crucial in our settings. For that reason 
our theorems do not include the case where a{x) is bounded. 

Remark 2.4. The generator of the optimal diffusion process governed 
by (2.24) for risk-sensitive control problem (2.9) is defined by 

LooV':=^tr[AA*Z?V] + 

On the other hand, in proving Theorem 2.2 we introduce another type of 
stochastic control problem (4.9) with (4.7). The generator of the optimal 
diffusion process for this problem is defined by (4.16). 

L^p = ltr[XX*D'^^P] + [/3; + (Dw)* XN~^X*]D^P, 

where w is a solution to H-J-B equation (2.18) of ergodic type. Then we 
note that L is related to L^o through the gauge transform. 

Further, we see that "000 := e"* is an eigenfunction of L^o + 7?7 

(Loo + 7^)V'oo = x(7)^oo 

for the principal eigenvalue x(7)j cf. [11]. Note that L is ergodic as is seen 
in Proposition 4.3, while L^o is not always ergodic. 

Example. We assume (2.10) and (2.11) and that /3(x) = B{x)x + b{x), 
a{x) = A(x)x + a(x) with an m x n (resp., n x n) matrix-valued bounded 
function A (resp., B), and an m (resp., n)-vector- valued bounded function a 
(resp., b) such that: 

(i) A*A{x)>CIn,3C>0; 

(ii) the real parts of all eigenvalues of {B* — A*A){x) is less than —Cb, 
Cb>0; 

(iii) Range{X* — a* A) C Kernel{a). 
In this case 

G(x)*x = /3{x)*x - a*{aa*)-^X*{x)x 

= {B{x)x + b{x))* - {A{x)x + a{x) - r{x)iy{aa*y^aX*{x)x 



d* + — 



7 



-{DwYXa*{aa*)-^c7X* 



Dip. 
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= {B{x)x + b{x))*x - x*A*{x){{aa*y^aX* - A){x)x 

+ x*A*A{x)x - (a(x) - r{x)l)*{aa*)-^aX*{x)x 
= x*{B* - A*A){x)x + b{x)*x - {a{x) - r{x)l)* {aa*y^a\* {x)x, 
and we see that (2.19) holds. Furthermore, (2.21) holds because of (i). 

3. H-J-B equations of ergodic type. Instead of (2.18), we shall study an 
H-J-B equation of ergodic type for w = —w^'~^\ 

(3.1) -X = \ tr[AA*L>2y)] + ^*Diu - \{DiIjy XN:^^ \* Dw + U^. 



Proposition 3.1. Assume (2.10), (2.11), (2.19) and (2.20). Then (3.1) 
has a solution {x,w) such that w € C'^{R^), 

w{x) ^ CO as|x|— ^-oo, 

and the solution satisfying this condition is unique up to additive constants 
with respect to w. 

Remark 3.1. The following notation is useful for the task at hand. Set 
S := {aa*y^a. Then 

S* = cj*(cjcj*)"\ SS* = (o-c7*)"\ S*(SS*)~^S = c7*(acT*)~V. 

Moreover, we see that 

SiV;^^ = Y^^, N^ = I- 7S*(SS*)~iS = / - -fa*{aa*y^a. 

To prove Proposition 3.1, we first consider the H-J-B equation of dis- 
counted type, 

(3.2) eVe = ^tT[X\*D\]+p*DVe - \{DVe)*\N~^\*DVe + U^. 

Note that (3.2) can be written as 

eVe = \ tr[AA*L»2^e] + G*Dve - \{X*Dve - ^*a)*N~^{X*Dve - S*a) 
+ ^aSS*a. 
Then, we consider the linear equation 
(3.4) £ipe = Lips + laJ:j:*a, 

where 

Lip = ^tr[\X*D^ip] + G*Dip. 
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Under assumptions (2.10), (2.11) and (2.19), (3.4) has a solution & C^iBJ"). 
Indeed, set ^/'i(x) = c|xp, c > 0. Then, by taking c to be sufficiently large, 
we can see that there exists Rq such that for R> Rq, 

Lipi + iaSS*d < in B'p.. 

Therefore, when setting 



^e{x) turns out to be a supersolution to (3.4), and we can see that there 
exists a solution ip^ G C'^{R^) to (3.4) such that < < ^ei^) since v = 
is a subsolution. 

We note that ifeix) is a supersolution to (3.2) which is the same equation 



Lemma 3.1. Under the assumptions of Proposition 3.1, (3.2) has a so- 
lution such that Vs G C'^{R^) and <V£ < ips- 

Proof. In proving the existence of the solution, we introduce a Dirichlet 
problem on Br, R> 0: 

eVe = ^tr[XX*D\] + P*Dve - ^{Dve)* XN;:^^ X* Dve + in Br, 

(3.5) 

Owing to Theorem 8.3 ([25], Chapter 4), Dirichlet problem (3.4) has a so- 
lution Vs- We extend Vs to the whole Euclidean space as 



Then we can see that Vs^r is nonincreasing with respect to R. Indeed, for 
R < R' , VfT^R is a supersolution to (3.3) in Br', and we have 



£{Ve,R-Vs,R') 

> \ il[XX* D\ve,R - V,,R.)] + p;D{Ve,R " V,^R.) 

- \{DVe,R)*XN~^X*DVe,R + \{DVefi>yXN-^X*DVe,R' in B'f 
= \ iT[XX*D^{Ve^R - Ve,w)] + P;D{Ve,R " V^^R') 

- \{DVe,R + DVe,R^yXN~^X*D{Ve,R " V^^R'). 



Therefore, from the maximum principle (cf. Theorem 3.1 in [16]) we see that 




as (3.3). 




Ve{x) 




(3.6) 



Ve,R - Ve,R' > 
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since Ve,R{x) = Ve,R>{x),x G dBji' . We further note that 

(3.7) Vs,R > 

for each R because ipo{x) = is a subsohition to (3.2), and the maximum 
principle again apphes. 

Similar to the proof of Lemma 2.6 in [23], we have the following gradient 
estimate: for each R and r < 

(3.8) \\VVe,R\\Lo^^Br)<Mr, 

where Mr is a constant independent of R, e. Thus, when taking a se- 
quence Rn such that Rn t oo, Ve,R^ forms a family of uniformly bounded 
and equicontinuous functions. Thus we can choose a subsequence Ve,R^^ 
converging to a continuous function fg. Furthermore, since 

(3.9) \\vs,rJhHb.)<M:. 

for a positive constant M^, independent of i?„ and e, it converges weakly in 
-^ioc(-^") taking a subsequence if necessary. By similar arguments to 

Lemma 6.8 in [23], the convergence can be strengthened as Vv^^r^^ converges 
strongly in L^^^(i?") to Vf^. As a result we can see from the regularity 
theorems that we have a solution Vs G C'^{R^) to (3.2). Since Vg^R < cp^, 
for each R> from the maximum principle as well as (3.7), we see that 

0<Ve<iPe- □ 

Set 

V;5(x) :=e'5|^l', 5>0. 

Then, by taking 6 to be sufficiently small, we can see that there exists Ri 
such that for R> Ri, 



Lipsix)<-1 in B 



R- 



Therefore, we see that L and ipg satisfy assumption (A. 3) in the last section. 
Set K{x;ips) = -Lips, 

I xGB^ i^six) J 

and 

Fk := \f{x) G L5^,(i?");esssup < oo 

Then for / G Fk there exists a solution ip £ F^ to 

= L^ + f 
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if and only if 

J f{x)m{dx) = 0, 

where m{dx) is an invariant measure for L; cf. Proposition A. 4 in in the 
Appendix. Therefore, setting 

(3.10) Xo = J -a5]S*a(x)m((ix), 

there exists a solution ipo € F^, to 

Xo = Lipo + iai;S*d(x), 

and it is known that ecps converges to xo ^.s e — )• uniformly on each compact 
set. 

Now we can prove Proposition 3.1. 

Proof of Proposition 3.1. We first note that 

because of Lemma 3.1. Therefore, we have 

lk'f^£||L°°(_B^) < ^r, 

where Kj. is a constant independent of e. Moreover, 

for a positive constant K'j. independent of e in view of (3.8). Thus, similarly 
to the proof of Theorem 3.1 in [23], we can prove the existence of the solution 
(— X, w^) to (3.1) such that w € W^^^. From regularity theorems we see that 
w £ C^(i?"). The proof of uniqueness is similar to the proof of Lemma 3.2 
in [26]. □ 

Now we have the following proposition. 

Proposition 3.2. Under the assumptions of Proposition 3.1, the solu- 
tion w to (3.1) satisfies 

(3.11) \Vw{x)\'^ <c{\x\^ + 1), 

where c is a positive constant. If we further assume (2.21), then, for each 
7o < 0, there exists a positive constant 0(70) such that the nonnegative solu- 
tion w{x) = u)(x;7), 7 < 7o, satisfies 

(3.12) w{x) > c{-fo)\x\'^ , \x\>3R'. 
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Proof. Set := XN~^X*. Then we shall prove for each xq G R"' that 



+ \U^\r + \VUj\r + + \V^j\r + C 



(3.13) 



for positive constants K and c, where |/|r. = \f\L'^{Br{xo))- Note that (3.13) 
implies (3.11) because of our assumptions on the coefficients a,X,P,a and r. 

We have xil) < since evs > and ev^ — )• — ^(7) < xo as e — )• 0. In the 
following /3^, and C/-^ are abbreviated to /3, Q and C/, respectively. | • \r 
is abbreviated to | • | . 

By differentiating (3.1) with respect to x^, we have 

= ^{XX*yWijkW + \{XX*yiDijW + (3WikW + PiDiW 

(3.14) 

- DiwQ'WjkW - \DiwQ'lDjW + Uk- 

Set 

n 
k=l 

Then we have 
-^{XX*y'D,jF - pWiF + Q'W,wDjF 

= -{XX*yWjkwD,kW 

- Dkw{{XX*yWijkW + 2^'D,kW - 2Q'WjwDikw} 

= -{XX*yW,kwD,kW 

+ Dkw{{XX*yiDijW + 2piD,w - DiwQ'i^DjW + 2Uk} 

1 1 r rr) 



+ 2|V/3||Vu;p + |VQ|2|Vuf + 2|VC/||Vw| 

< ^—{-2x - 2^'DiW + DiwQ'WjW - 2Uf + ^iVwP 

2nc2 

+ 2|V/3||Vu;p + |VQ|2|V?i;|^ + 2|VC/||Vu;|. 
Here we have used (3.14) and the matrix inequality 

{tT[AB]f <nCtT[AB'^] 
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for symmetric matrix B and nonnegative definite symmetric matrix A, 
where C is the maximum eigenvalue of A. Set 



t{x) :-- 



\x — Xo\ 



1 



— X — X()\ < r, 
\x — xo\ > r. 



Then tr[XX*D^T] > -^C2, {Dt)*XX*Dt < and \Dt\^ < ipr. Let x 

be the maximum point of tF in Br{xo). Then D{tF)[x) = and tr[AA* x 
D'^{TFy\{x) < 0. Therefore, from the maximum principle we have 

< -^{XX*yWij{TF) - p'DiirF) + Q'W,wD,{tF) 



: t\ --{XX*yWijF - p'DiF + Q'W^wD.F 



-{XX*yW,jTF - {XX*yW,TDjF - {(3WiT)F + {Q'WjwDiT)F 



< T 



2nc2 



-2x - 2p'D,w + DiwQ'WjW - 2Uf + '^\Vw\^ 



+ 2|V/3||V'u;p + iVQI^lVu-l^ + 2\VU\\Vw\ 



F{ \{XX*yW,,T - (^^*y'D^^Dj^ _ + Q^W.wD^r 

I T 

Since -j^XX* <Q< XX* , by taking 6 to be sufficiently small, 



c(7)|L>it;|2 < -2(3* Dw + {DwYQDw + -|/3|2 < (cs + iyDw\'^ + 1 + 



for a positive constant 
(3.15) 



Therefore, it follows that 



c(7) 



ci 



1-7 



5>0. 



< -r( -2P*Dw + {DwYQDw + 



+ 2r( -2P*Dw + {DwYQDw + ^\I3\^ 



+ 2U + 2X 



1, 



T -|/3|^ + 2C/ + 2x +t{2\VP\\Vw\' + \VQ\\Vw\'' + 2\VU\\Vw\) 
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cir \Jc\r 

< -Tcijf\Vw\^ + 2r|(c2 + l)Vw\^ + + 1^1'} (^I'^l' + 2^ 

+ f ^ + ^> + m'-pr^^F + ^r|Q|F3/^ 

+ r(2|V/3|F + |VQ|f3/2 ^ 2| VC/jF^/^). 
We can assume F > and F > |VC/|; thus, 



+ 

+ r( 



r(2|V/3|F + |VQ|f3/2 ^ 2F^/^). 
Accordingly, we have 

Therefore, we obtain 

+ «(i|^|= + 2[/)+^ + 2!^ + 2|V/j|, 

with C5 = 2(c2 + 2 + ^) and universal constant c> 0. Including the case where 
W > > F, we obtain 

F(xo) = r(rEo)F(xo)< (tF)(x) 

|vgp + l|Q|2 + c) 

2 + [/ + M + |v/3| + i^ +|V^7|, 
r r J 



< ^ 



c(7)4 



c(7)2 

and (3.13) has been proved 
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Now let us prove (3.12). For each p > take a point Xp G i?" such that 
\xp\ = p. Set 

) mDp = ->x;\x-Xp\<- 

where Cp is a positive constant determined later. Then, R{x) > in Dp and 
R{x) = on dDp. Set 

z(x) = u;(x) — R{x). 



Then, 



Note that 



Then we have 



z{x)=w{x)>0, x£dDp. 



-X-^tT[XX*D^z]-p*Dz 



-^{DwyXN:^^X*Dw + U^ + ^ tT[XX*D^R] + p*DR 
-^D{w + R)*XN:^^X*D{tju-R) - ^{DR)*XN~^X*DR + U^ 
+ ^tr[XX*D'^R]+ (3*DR 



> -^D{w + R)*XN:^^X*Dz - ^\DR\^ + + ^ ti[XX* D'^R] + (3* DR. 
Noting that <cp,x & Dp, for a positive constant independent of 7 



-X - ^ ti[XX* D^z] - 13* Dz + ]^D{w + R)*XN-^X*Dz 
> - — \DR\^ + U{x) - ^ tr[AA*] - 4ccp 

2 



^ / « , ^ ^ A ^ , -7oco/5^ , -70C0 



p2^ --p;-8(l-7o) 2(l-7o)■ 
By setting Cp = c(7o)p^ with 0(70) such that 8020(70)^ + 4cc(7o) < g^i?^ 
and 4c2nc(7o) < 2{i-'^a) ' ^'^^^ 

-itrfAA*/?^^] - /3*L>z + \D{w + R)*XN~^X*Dz > M > in L»p 
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for some positive constant and sufficiently large p. Then z is superharmonic 
in Dp and z[x) > 0, x G dDp. Therefore z{x) > 0, x G Dp, from which we have 

z{xp) = w{xp) -Cp > 0. 

Hence, w{xp) > c(7o)p^. □ 

4. H-J-B equations and related stochastic control problems. Let us come 
back to H-J-B equation (2.15). According to assumption (2.10), we have 
a positive constant such that 

|/3^(x)|2<c^(|x|2 + l). 

We strengthen condition (2.20) to (2.21). Then we have the following lemma. 

Lemma 4.1. Assume (2.10), (2.11), (2.21) and vq > 1. Then for each 
t <T there exist positive constants k = k(T — t) and k' = k'(T — t) such that 

(4.1) vit,x]T)>k\xf -k'. 

Proof. Choose a positive constant c such that 

c 

and set b = Cy — |c/3, where = — 2(i--y) ; set 

R{t,x) := lx*P{t)x + q{t), 
where P{t) is a solution to the Riccati equation 

(4.2) P(t)_ (^-^ + l^P(t)/„P(t) + 6/„ = o, P(r) = o, 

and q{t) is a solution to the ordinary equation 

(4.3) m + I tr[P{t)] - ^ - c; = 0, q{T) = -jlogvo, 

where cl^, = — ■ Set 

z{t, x) := v{t, x) — R{t, x). 

Then 

-^-^tr[\X*D'z]-(3;Dz 

1 (9 /? 1 

= -{Dv)*XN-^\*Dv + + ^ + 2 + t3*DR 

= -^D{v + RyXN-^\*D{v -R)- ^DR*XN-^X*DR + U., 



DOWNSIDE RISK MINIMIZATION 



23 



+ ^ + - D'^R] + p*DR 

> -Id{v + R)*XN-^X*D{v - R) 



C2 



2(1-7) 



{DR)*InDR + c^\xf -c^ 



1 



+ lx*P{t)x + q(t) + ^ tr[P(t)] - ^/3*/3^ - ^{DRYDR. 



Therefore, 

dz 1 
~ 2 
1 



2c 



tr[AA*D2z] - l3*Dz + + Ry\N-^\*Dz 



1/ C2 1 



-2 ^ ^ 2 VI -7 c 



+ - ) x*P{t)InP{t)x +{c^-^j\x 



CC/3 Y 



+ <^(t) + |tr[P(t)]-^-c; 



7 



xr > 0. 



Thus we see that z{t,x) is super harmonic in [0,r) x i?", and z{T,x) =0. 
Therefore we have z{t,x) = v{t,x) — R{t,x) > 0, that is, 

v(t,x) > R(t,x) = lx*P{t)x + q{t). 

Since P{t) is positive definite, 

v{t, x) > k\x\^ -k', k = k{T -t),k' = k'{T -t)>0. 



□ 



Let us rewrite (2.15) as 
(4.4) 



= ^ + - tT[XX*D'^v] + G*Dv 

- ]^{X*Dv - T.*a)*N~^{X*Dv - S*d) + ^a*ES*a, 



, v{T,x) = -7log'yo. 
Noting that 

--{X*Dv - T.*a)*N-^{X*Dv - S*a) 



: inf {-z*N^z- z*Y.*a + iXz)*Dv 



inf 



-{z + N-^{X*Dv - T:*a)YN^{z + A^-^(A*L't; - S*a)} 



-(A*L>t; - S*a)*iV^^(A*L>v - S*d) 
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we can rewrite it again as 

9^ 1 ,,^2 



(4.5) 



= ^ + -tiiXX* D^v] + G*Dv+ inf {(XzyDv + (f(x,z)}, 
at 2 zeR"+"^ 

v{T,x) = -7log7;o, 



where 

^{x, z) = \z*N^z - z*^*a + ia*SS*a, Ny = I - 7S*(SS*)~^S. 

This H-J-B equation corresponds to the following stochastic control problem, 
the value of which is defined as 

(4.6) 



inf E 

z.eA{T) 



/ ip{Ys, Zs) ds -jlogvo 
Jo 



where It is a controlled process governed by the stochastic differential equa- 
tion 

(4.7) dYt = X{Yt)dWt + {GiYt) + X{Yt)Zt}dt, Yo = x, 

with control Zt ^A{T). Here, A{T) is the set of all valued progres- 

sively measurable processes such that 



E 



\ZA'^ ds 







< oo. 



To study this problem, we introduce a value function for < t < T, 

(■T~t 



v^{t,x) 



inf E 

z.eA{T-t) 



ip{Ys, Z s) ds - -flog vo 







By the verification theorem, the solution v to (4.5) can be identified with 
the value function v^. Indeed, set 

z{s,x) = -N-^{X*Dv - E*a)(s,x), 

which attains the infimum in (4.5), and consider the stochastic differential 
equation 

(4.8) dYt = X{Yt)dWt + {G{Yt) + X{Yt)Zit,Yt)}dt, Yo = x. 

From the estimates obtained in Theorem 2.1, we see that (4.8) has a unique 
solution. It is also seen by using Ito's theorem that 

rT 



v{0,x) = E 



ip(Ys,Zs)ds-'ylogvo 



holds, where Zg = Z{s,Ys). In a similar way, we can see that 

v{0,x)<E / ip(Ys, Z s) ds - J log vo 
Jo 

for each Z. G A(T), hence, v{0,x) = v^{0,x). 
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Let us consider the following stochastic control problem with the averag- 
ing cost criterion: 

fT 



(4.9) 



p{j) = inf limsup— 

z.eA T^oo T 







where Yt is a controlled process governed by controlled stochastic differential 

equation (4.7) with control Zt- The solution Yt of (4.7) is sometimes written 

(z) 

as Y^ to make clear the dependence on control Zt, and the set A of all 
admissible controls is defined as follows: 

A = < Z.; Zt is an R^+'^ valued progressively measurable process such that 



1 



limsup —E[\Yj^ 



(^)|2i 



0,^ 



\ZA ds 



<oo,vrL 



2 ' ' zG-R"^ 



Corresponding to this stochastic control problem, H-J-B equation of ergodic 
type (3.1) can be written as 

(4.10) -x{i) = \^A>^>^*D'^w]+G*Dw+ ini {{\zyDw + ^{x,z)}. 
We then set 

(4.11) z{x) = -N-'{X*Dw-T.*a){x), 
and consider stochastic differential equation 

dYt = \{Yt) dWt + {G{Yt) + X{Yt)z{Yt)} dt 

(4.12) 

Yo = x. 

We shall prove the following proposition. 



\{Yt) dWt + {/3-y - XN-^\*Dw}{Yt) dt, 



Proposition 4.1. -xii) = pi^) and 



1 



- lim —E 

T^ooT 



T 



Lp{Ys,Zs)ds 



(4.13) p(7) 

where Zg = ziYg). 

For the proof of this proposition, we prepare the following lemma. 

Lemma 4.2. Under assumptions (2.10), (2.11), (2.19) and (2.21) the 
following estimates hold. For each 71 < 70 < there exist positive constants 
(5 > and C > independent of T and 7 with 71 < 7 < 70 such that 



(4.14) 
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and also 

(4.15) £;[e^l^^l']<C. 

Proof. Let us set 

Li; = l tiiXX*D^^] + {G + XzYDi; 

(4.16) 

= itr[AA*I)V] + {P-y - XN;:^^X*Dw)*Dip. 

Then we have 

-Xil) = Lw + ip{x,z{x)) 

= Lw + ^iX*Dw - J:*ayN-^{X*Dw - S*a) 

+ {X*DiD - S*a)*iV~^S*a + ^aSS*d 

= Lw + -(X*DwyN:;^X*Dw - , ^ , aSS*a. 
2 ' 2(1-7) 

Therefore, by applying Ito's formula, we have 
e^'^^'^') - e'^'^^'^o) = 5^*|ZtD(y,) + ^(Z)tZ))*AA*Z)iD|e'^'^(y,)(is 

+ 5 [\^^{DwyX{Ys)dWs 
Jo 



S I \-X-^{DwyXN~'X*Dw 

+ — ^— aSS*d + -(M*AA*Z)'u) [e^'^(Ys)ds 
2(1-7) 2 



S [ e^^ {Dwy X{Ys) dWs 
Jo 



Thus, for p> 0, 

= eP^^6!^-X-^{DwyXN-^X*Dw 



+ ^^^-^dSS*d + ^{DtljyXX*Dw + p\e^'^{Yt)dt 
+ deP^'e^'^^^'XDwyXiYt) dWf 
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Taking into account (2.21) and (2.16), for 5 > such that 5 < ]-^, we have 

-X - ]-iDw)*XN'^X*Dw + — ^— aSS*a + ^{DwyXX*Dw + p 
2 ' 2(1 — 7) 2 

< — A;i|j;p + ^2 
for ki,k2 > 0. Thus, we obtain 

^5w{Yt)+p5t < ^5w{x) ^ ^ gp<5s+5«)(n)|_^^|y^|2 ^ 

Jo 

+ S f eP^'+^'^^^^\DwyX{Ys)dWs. 
Jo 

Therefore, taking 
and setting 



T = TR:=mi{t;\Yt\>R}, 
ks = sup w{y), 



tAr 



\y\<y/k^ 

we see that 

^Jg5lD(ytAr)+P<5(tAT)j ^ gSid{x) _|_ 



tAr 



p5s+Sw{Ys)-i _ J 

^ i{|ysp<fc2/fci}"s 



By letting R tend to 00, we have 



tAr 



zP^' ds 



-ie 



p5[tAT) 



1) 



1 



Hence, 



Finally, we see that (4.15) follows from (4.14) because of (3.12). □ 

Proof of Proposition 4.1. From (4.10) it follows that 
-X(7) < I tiiXX* D^w] + G*Dw + {Xz)*Dw + ^^(x, z) 
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for each z G i?""*"™. Therefore, for each control Zt we have 

w{Yt) - w{x) = [ {DwiYs))*X{Ys) dWs + / + A(y,)Z,}*Z)t<)(y,) ds 

Jo Jo 

+ 1 r tT[\\*D^w]{Ys)ds 
^ Jo 

> r {Dw{Ys)Y\{Ys)dWs-xT- r ^{Ys,Zs)ds. 
Jo Jo 



Thus, 

w{x) — xT < E 
from which we obtain 

-X < hmsup;^^; 

r->-oo J 

= hmsup —E 



r viY„Zs)ds + w{YT) 
Jo 



r rT 



^{Ys,Zs)ds + w{YT) 



(p{Ys,Zs)ds 



since |tt;(y)p < c|yp + c'. Namely, we have —xil) ^ Pil)- On the other hand, 
by taking Zt = Zt, we have 



rD{Yt)-w{x)= I {Dw{Ys)yX{Ys)dWs-xT- I ^{Ys,Zs)ds, 
and thus 



w{x) — xT = E 
Lemma 4.2 implies 

-X = limsup;^S 

T-i-oo ^ 

and we see that —xil) = Pil)- ^ 

Let us define 
(4.17) x(7) = limsup— inf E 



^{Ys,Zs)ds + w(YT) 



r rT 



(p(Ys,Zs)ds 



>P, 



Then we can see that 



tp{Ys,Zs)ds 

x<pii) = -x{i)- 



lim sup —v{0, x; T). 

T-i-oo T 
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Proposition 4.2. Assume (2.10), (2.11), (2.19) and (2.21). Then 

;y(7) = p(7) = -x(7)- 

The proof of Theorem 2.2 follows directly from this proposition since 
x{l) = ~x{l) because of Proposition 2.1. 

For the proof of the present proposition, we prepare some lemmas. 

For each T > 0, we take the controlled process Yt = Y^" > defined by (4.8) 
and control ). Taking a sequence {T„} such that 



X= lim ;^7;(0,3;;r„)= lim 
we have the following lemma. 



Lemma 4.3. Under the assumptions of Proposition 4-2, for each t > 
we have 



(4.18) 
Proof. Set 



liminf — S[|y^^"^/l =0. 



L->P := i tr[AA*L>V] + (G + Xz{t, x))*Dip. 



Then 



v{T-t,YT-t;T)-v{0,x;T) 

i— + L{s,Ys)]ds + j^ {Dv){s,Ys)dWs 

^ ' v{Ys,z{s,Ys))ds+ r \Dv{sX)TKys)dWs. 
Jo 



Therefore, 

v{<d,x-Tn) = E 
Since 



(yf , z{s, "))) ds + i;(r, - 1, yJJ:!; r„) 



1 



lim sup —E 



we have 
(4.19) 



lim inf ^E[v{Tn - t, y}.% Tn)] = 0. 
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Noting that f (T„ — t,x;Tn) > /c|xp — k',k = k{t) and k' = k'{t), because of 
Lemma 4.1, we obtain 

< \immf —kE\\Y^^"l\'^] < 0, 

and our lemma has been proved. □ 

Lemma 4.4. Under the assumptions of Proposition there exists 
a subsequence {T^} C such that 

lim i-sny^^''^] = 0. 



Proof. 



\viT),2 _ |T>(^)|2 _ 9 



T~t 



+ 2 r yf){G(y(^)) + A(yf))z(.,yf))}d. 

JT-t 



+ / tr[AA(yi^))]ds. 



Therefore, 



EWY, 



('j^)|2l 



yf){G(y(^)) + A(yf))z(.,y5))}d. 



+ / tr[AA(yi^))]ds 

JT-t 



By using the gradient estimates in Theorem 2.1 and (2.19) we obtain 

y*G{y)+y*X{y)z{s,y)<c{\y\'' + l) 
for some positive constant c and 



E[\yP\^]<E[\Y^'J^\^] + cE 

<e[\yP^\^] + (^e 



CT) |2l 



\yp\'ds 



T 



^{Yp,z{s,YP))ds 



since (2.21) is assumed and 



(/9(x, z{t, x)) = x)*N^z{t, x) — z{t, x)*T,*a + -aSS*Q; 
= ^{X*Dv - T.*a)*N^{X*Dv - S*a) 
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+ {\*Dv - S*fi)*Af^iS*a + -aSS*a 



-(DvyXN~^X*Dv - — ^— aSS*d. 
2 ' 2(1-7) 



By Ito's formula, 

v{T,YT;T)-v{T-t,YT-t;T) 



T-t 



T-t 



and we have 



E 



T-t 



■ E[viT - t,YT-t;T)]. 



Take a subsequence {T^} C {Tn} such that 



hm E[v{T:,-t,YT;^.t-X)]=0 



and 



Then we have 



< limsup^iSllf^r-'l'l < lim ^Ellf'^^lfl 



T'-foa TL 



1 



+ c' hm —E 



and thus the lemma has been proved. □ 



TL-t 



0, 



Proof of Proposition 4.2. For each e there exists such that 



E[\Y^''>\']<eTe, w{x)<eT, 



^iYP\zP^)ds 



< e. 



Set 



10, 



Te<S, 



and consider Y^ defined by 
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Then, for t>Te, 



and 



ft ft 
Jt, Jt, 

pt 

d\Yl'^f = 2{Y}'^)*X{Y}'^)dWt + 2{Y}'^)*G{Y}'^)+ / G{Y}'^)dt 
+ ti[XX* {Y}'^)]dt. 

Therefore, 

gPi|y^(^)|2 

nt 

= eP^^|y^"^P + 2 / eP'{Yj'^)*X{Yj'^)dWs 

+ reP^{2(yi^))*G(yi^))+p|yi^)|Vtr[AA*(yi^))]}d. 



< eP^^|y^'^|^ + 2 r eP^(yi^))*A(yi^)) dWs + f eP'{-ki\Y^^\^ + /tz} ds 

for some positive constants ki,k2 > 0. By using stopping time arguments, 
for t>T£, we have 

r ft 

E[eP'\Yl'^\^]<E[eP^^\YTf] + E / eP'k2ds 
= E[eP'^^\Yi'\^] + ^{eP'-eP'^^). 

Thus, we see that 



E[\Yi^\']<E[\Y^^^\'] + ^j^ 



from which we obtain hmsup^^^ \E[\Yi'''\'^] = 0. Hence, Z(^) G ^oo- Now, 
by applying Ito's formula, we have 



w{y:^'')-w{x)= / (Dit)(yi")))*A(yi^V^. 

" Jo 

+ r{G{Y^^)) + X{Y^^))Z^^)yDw{Y^^)) ds 
Jo 

+ 1 r\r[XX*D^w]{Yj''^)ds 
2 Jo 

> r>u-;(yi^)))*A(yi^)) dWs - xTe - r Viy}'\4'^) ds. 
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Therefore, 

w{x) -xTs<E 
from which we have 

1 



ip{Yj^\z(/^)ds 



+ T^E[w{Yi^^)] 



<e + x + ce 



for some positive constant c > 0. Therefore, — x < X + ce for any e, and we 
have —X < X- This completes the proof of the proposition. □ 

The foUowing is a direct consequence of Proposition 4.1. 

Corollary 4.1. Under the assumptions of Proposition 4^.2, p{'y) is 
a concave function on (— oo,0), and x{'y) is a convex function. 



Indeed, 



1 7 1 1 

ip = —z z z a [aa ) az — z Ij a -\ — az^Zj a 



2 2'' 2 

is a concave function of 7, and the infimum of a family of concave func- 
tions p(7) is concave. 

Proposition 4.3. Under the assumptions of Proposition 3.1, L is er- 
godic. 



Proof. 



Lw; = --{DtByXN~^X*Dw + 



2(1-7) 



a*T,T,*a — x^ ~co 



as |x| — )• 00, and Lw < — c, |x| » 1 and c> 0. Moreover, u}{x) — )■ 00, |x| — )■ 00, 
and the Hasminskii conditions (cf. [17]) hold. □ 

5. Derived Poisson equation. We are going to consider a Poisson equa- 
tion formally obtained by differentiating H-J-B equation (3.1) of ergodic 
type with respect to 7. Namely, we consider 

-^(7) = i tr[XX*D^u] + G*Du - {X*Dw - ^*a)*N-^X*Du 



1 



2(1-7)2 



{X*Dw - S*d)*S*(SS*)^^E(A*Dtt; - S*d). 
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Since 



2(1-7) 



^ {X*D{v - S*a)*S*(SS*)"iS(A*L»t() - S*a) 



2 



^—^{aX*Dw - ay{aa*)-^{a\*Dw - a), 



(5.1) -e{-f) = Lu- — -;j{aX*Dw - ay{aa*)~'{aX*Dw - a). 



we can write 

1 

2(1~)2' 

Note that L is ergodic in light of Proposition 4.3, and the pair {u,9{j)) of 
a function u and a constant ^(7) is the solution to (5.1). Let us set 

V = Bn, = {x£ i?"; \x\ < Rq}, 

and let Rq be sufficiently large so that 

K{x; w) := -{Dw)* XN'^ X* Dw - — ^— a*SS*d + x > 0, 
2 2(1-7) 

(5.2) 

for 7 < 7o < 0, which is possible because of assumption (2.21). Therefore, 
we see that L and w satisfy assumption (A. 3) in the Appendix and also 

\f^^\x)\ ^ 

sup — — < 00, 

^gDc K[x:w) 



for 



/(^) = —^—^(aX*Dw - a)*(aa*)-\aX*Dw - a) 

2(1-7) 



In the following we always take a solution w to (3.1) such that w{x) > 0. 
Thus, according to Proposition A. 4 we can show the existence of the solution 
(n,e(7)) to (5.1). 

Corollary 5.1. Equation (5.1) has a solution {u,9{'y)) such that 



and 



\U\ TTr2v 

sup — < 00, n G VVj^c , 



0{j)= I ^ _^^ {aX*Dw-a)*{aa*)-^{aX*Dw-a)m^{y)dy. 



2(1-7) 

Moreover, this solution u is unique up to additive constants. 
Proof. It can be clearly seen that 

^ {aX*Dw-af{aa*Y^{aX*Dw-a)(^FK 



2(1-7)2 
and Proposition A. 4 applies. □ 
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6. Differentiability of H-J-B equation. 
Lemma 6.1. Under the assumptions of Proposition 4-2, 
(6.1) / e'^l^l'm^((ix) < c, 



where c and 6 are positive constants independent 0/71 < 7 < 70 < 0. 

Proof. Inequality (6.1) is a direct consequence of (4.15) in Lemma 4.2 
since Yj is an ergodic diffusion process witfi tlie invariant measure m^[dx). 
□ 

In the following, we always work under the assumptions of Theorem 2.2 
(Proposition 4.2). 

Lemma 6.2. Let {w^^\x{l)) and {w'^'^+^\x{l + A)) he solutions to (3.1) 
with J and 'J + A, respectively, such that iv^"'^ (0) = w^'^^^\0) = Cy^ > 0. Then 
y)(7+A) converges to w^"'^ in Hl^^ strongly and uniformly on each compact set. 

Proof. We have 

< 2r||Vu;(^+^)||^^(s^^) < ci(7,r) 

and 

|^{7+A)(^) _^(7+A)(y)| < |x-2/|||Vu;(^+^)||^^(B^^) <C2(7,r), 

X,y€ B2r, 

for each r in light of (3.11) and (3.15), where 0^(7, r) is a positive constant 
independent of A, i = 1,2. Therefore it follows that {w^'^^^^}^ is bounded 
in H^{B2r) and converges to some w in H^{B2r) weakly for each r and also 
uniformly on each compact set by taking a subsequence if necessary. Note 
that xil ~^ A) converges to xil) because xil) is convex on (— oo,0) and 
thus continuous. Take a function r € Co°(-B2r) such that t{x) = 1,xG Br, 
and < r < 1. With (?d(t+^) - w)t, we test 

-Xil + A) = i tr[AA*Z)2u;{7+A)] + /5;_^^Z)^^;{7+A) 
and obtain 

x{7 + A){w^'^+^^-w)Tdx 

h\\*ywM^+^^Dj{{w^^+^'^ -w)T)dx 

B2r 2 
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+ / ^;+aDw^^+^\w'^^+^'> -w)Tdx 

J B2r 

]- [ {Dw'^^+^^)*XN']:^X*Dw^^+'^\w^^+^^ -w)Tdx 



JB2r 

where Pl = Pl-^Y^j Therefore, 



l{XX*yWi{w'^''+'^^ - w)Dj{w^^+^'^ - w)Tdx 
-{XX*yWiwDj{w'-"'+^^ - w)Tdx 



B2r 2 

]-{XX*ywM-^+^'^DjT{iu^''+^'^ - w) dx 
+ [ P*+aDw^^^^\w^^+^'^ - w)t dx 

JB2r 

\ [ {Dw^^+^^)*XN-]:^X*Dw^^+^\w^^+^^ -w)Tdx 



2js2: ^ 

— w)Tdx. 

J B2r J B2r 

Since all terms of the right-hand side converge to 0, we see that D{u}^'^'^^^ —w) 
converges strongly to in L'^{Br) and id^'^^^^ to w strongly in H^{Bj.). Thus, 
we obtain our present lemma because {w,x{l)) satisfies (3.1), and the solu- 
tion is unique up to additive constants with respect to tD. □ 

Lemma 6.3. Let {u^^+^\e{-f + /^)) he a solution to 

(6.2) - ^(7 + A) = 1(7 + A)^z(^+^) + /(^+^), 
where 

•' 2(l-7-A)2^ ^ 

X S*(SS*)"iS(A*Du;(^+^) - S*a). 

Then, as |A| — s- 0, ^(7-1- A) converges to ^(7) and u^"''^'^^ converges to u^"'^ 
in H^^^ strongly and uniformly on each compact set, where {u^"'\9{'j)) is 
a solution to (5.1). 

Proof. Note that |/(^+^)(3;)| < c(l + |x|2),3c> 0, and that /(t+^)(x) ^ 
/(■^^ almost everywhere by taking a subsequence, if necessary, since w^"'~^^^ 
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converges strongly in H^^^ to w^'^^ by Lemma 6.2. Moreover, we note that 
{m^^/\{dx)} = {m^+/\{x) dx} is tight because of Lemma 6.1. Therefore, it 
converges weakly to some probability measure m{dx) by taking a subse- 
quence if necessary. The limit can be identified with m^{dx) = m.y{x) dx, 
and m^{x) is the only function satisfying (A. 24) for ^(7) and J m^[x) dx = 1. 
Thus 'm^j^/\[x) dx converges to m-y{x)dx weakly. Therefore, 

e{-f + A) = - J f^^+^\x)m^+A{x)dx 

converges to ^(7). 

On the other hand, since u^"''^^'^ is a solution to (6.2) it satisfies 

U(7+A)| 

and we have < c(l + |xp). Therefore, we see that u^'^^^^ is lo- 

cally bounded by a constant independent of A. Then, by testing (6.2) with 
-y(7+A)^^ we can see that H'li^''^'''^^ is bounded for each r. Therefore, 

by taking a subsequence if necessary, u^"'~^^'^ converges in H^^^ weakly to 
a function u, which turns out to be the solution u^"'^ to (5.1). By similar 
arguments as in the proof of Lemma 6.2, we can see it converges in H^^^ 
strongly. Furthermore, by Theorem 9.11 in [16], we see that 

< C(h(^+^) ||^^(^^^) + ||/(^+^) + ^(7 + A)||^,(5^^)) 

for each r > 0, where C is a constant depending on ci,C2 and the L°°(i?2r) 
norms of the coefficients of Z(7 + A). Thus, by the Sobolev imbedding 
theorem, {u^"'~^^^} is equicontinuous, and thus u^"'^^^ converges uniformly 
to u^"'^ on each compact set. □ 



Lemma 6.4. Let {w''"'\ xil)) and {w^"'+^\x{l + ^)) be solutions to (3.1) 
withjand^ + A, respectively. Setx^^^ = andC^^^ = ^'^+^2"^'^' 

Then 

lim x^"^^ = ^(7) 
|A|^0 

and 

lim C^^Ux)=u^^\x), xGi?". 
A|-i.O 



Here, {u^'^\9{j)) is the solution to (5.1). 
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Proof. Here we abbreviate u^"^^ to u. From (3.1) it follows that 

-x(7 + A)+x(7) 

= itr[AA*Z)2(u;{T+^) - zdW)] + /3;^^L»u;{T+^) 

+ i(L'w;(^))*AiV-U*L»7DW + U^+A - 

= itr[AA*D2(^{7+A) _^(7))] +^*^(^(7+A) _^{7)) 

- (Z)tD(^))*AiV7U*Z)(u)(^+^) -tD(^)) - ^{Dw^^^)*XN.;^X*Dw^^^ 
+ {Dw^^'>)*XN-^X*Dw^^+^^ - ^{Dtju'^^+^^yXN-^^X*Dw'^^+^^ 

+ (/3^+A - /3^)*D'u)(^+^) + [/^+A - 
= Z(7)(i(;(^+^) --(D^^)) 

- i2?(u;(^+^) - 'u)(^))*AiV-_^i^A*Z?(u;(^+^) - tD^^^) 

+ (/37+A - /3^)*I?tD(T+^) + i(I)u;W)*A(Af-_/^ - iV-i)A*I)u)(^) 

- {Dw^^^)*x{N~l^ - n:;')x*Dw^'^+'^^ + u^+a - u^. 

Therefore we have 

(6.3) - x^^) = mC^^^ + A''\x) - g^^Hx), 

where 

.(A)^^^ ^ (/3^+A-/3^)- ip^{7))*Al^^I±^^i!2lA*Z)u;W 

\* X ^^7+A ~ ^7 ^) X* n„T,(7+A) , U^+A - 



A A 



and 



/A)(^) ^ _Li)(^d(7+A) _^(7))*A^-_l^A*^(y^(7+A) _^(7)). 



Note that /^^^ is dominated by c(l + |xp) with a certain positive constant c 
and that it converges almost everywhere to f^"'^ by taking a subsequence, if 
necessary, because 

d^^ 1 



57 (1-7)2 
5iV^"^ 1 



AS*a, 



97 (1-7)2 

5f/^ _ 1 
~~ 2(1 -7)2 



s*(ss*)-is. 
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Therefore, 

(6.4) - xS""^ := j fi^\x)m^{dx) ^ j f{x)m^{dx) = -^(7), | A| ^ 0. 
Moreover, for A > 0, 

(6.5) -xl^^>-x(^). 
Let us consider the equation 

(6.6) -xi^^=L(7).J^)+/J^\ 

We shall see that u^^'^ — n— T-OasA— T-Oby specifying suitable ambiguity 
constants. For that, set 

z^'^^:=ut^-u^ F(^):=/J^^-/ + xi^^-e(7). 
Then we have 

L(7),(A) + i.(A) ^0, z(^) G sup^ <oo. 

By considering constructing the solution to this equation according to the 
proof of Proposition A. 4 in the Appendix, we see that z^^'^ — )■ as A — )■ 0. 
To begin, let ^'('^) be the solution to (A. 19) for Lq = ^(7), / = F(^) and 
^(^) the solution to (A.20) for Lq = ^(7), / = F(^) and ^' = The 
operator T is defined as 

(x), xGFi, 

and the operator P is defined in the same way as in (A. 10) by replacing Lq 
with Z(7) in (A.4) and (A.9). Then starting with Q^^^ = ^(^), ryj^^ =^(A), 
we define the sequence C^^^^i'^^ /e = 1,2, . . . , successively as the solution 
to (A.9) with (j) = rfj^i and Lq = ^(7), and as the solution to (A.4) with 
h = C,^^ and Lq = L{'~f), respectively. Then we obtain 

00 00 



f^(^)(.)=5],rv.=E^'(TF(^))( 

and the estimate for fj^^\ 



k=0 k=0 



To estimate ||rF(^)|| ioo(ri), we set to be the solution to 

/ imf + F'^> = 0, tf. 

US"'lr = 0. 
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and 4"^^ = e^^^ - Ci^^- Then ^^^^ satisfies 



and we have 



urh-iT.) < urh-iv^) < ii^^^^iiL-(r) <^^iIi^^^^iil-{7.. 



for some constant Ki > 0. On the other hand, to estimate llL°°{ri)5 
set 

e^^):=^;(A)(^(7))«, c.>l. 
We can assume that D is sufficiently large so that 

for some M > 0. Since 

+ a{Dv(^^rXX*^i^^-Y 

v^^"^ satisfies 



a 

Noting that 
L{j)iv^^^ + ^^{Dw^^^)*XX*Dw'^^'> 

= -U^ - ^{Dw'^^'>)*XN-^X*Dw'^^''> - x(7) + ^^{Dw^^'>)* XX* Dw'^^'^ 

< -M, X G V", 
we have 
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and thus 

Moreover, = v^^\w^'^'^)'^ — )• uniformly on each compact set as A — )• 0. 
Therefore, S,^^^ — )• uniformly on each compact set and we also obtain the 
estimates 

and 

Let_C(^) be the solution to (A.26) for Lq = L{-f), f = F^^^ and f] = fi^^\ 
Then — >■ uniformly as A — >■ since \\fj^^^ \\ is estimated as shown above. 
Let f/(^) be the solution to (A.20) for Lq = L{j), f = F^'^) and ^ = C^^\ 
Then, as above, ry^^^ — )■ uniformly on each compact set as A — )■ 0. Since 
z^^^ = in T^i and z^"^^ = fj^'^^ in D^, we conclude that z^'^^ — )■ uniformly 
on each compact set. 

In a similar manner, we have 

By setting 

^7+ A ~U-f 



+ 



A 

we have 

(6.7) - x^^) = L(7 + A)C(^) + /f ^ (x) + 5^^) (x). 

Since 77t,^+a(x) converges to 7n^(x) dx weakly, and /g^^ converges almost 
everywhere to f{x) by taking a subsequence if necessary, as above, we have 

-xt'' ■= j f2^\x)m^+A{x) dx ^ / f{x)m^{x)dx = -e{-/) 

(6.8) 

as A ->0. 
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Moreover, for A > 0, 

(6.9) -Xr^<-X(^^ 
We consider 

(6.10) -xr) = Z(7 + A).f^ + /f). 

Then, in the same manner as above, we see that — u^'^'^^^ — )• 0, as 
|A| —7-0, by specifying ambiguity constants. Since u^"'~^^^ converges to u, 
u"^^ does the same. 

From (6.4), (6.5), (6.8) and (6.9), it follows that 

(6.11) lim-Y^'^) = -61(7). 

A4.0 

The converse inequalities of (6.5) and (6.9) hold for A < 0, and we have 

(6.11) lim-x^'^^ = -^(7). 

^ ' AfO 

Hence, we see that — x^^^ — ^ "^(t) &s |A| — >• 0. Prom (6.3) and (6.6), we 
have 

-xS^^+x(^)=M7)(4^^-C(^))+5(^\ 
and through arguments similar to those above, we see that 

(6.11') liminf(ni^Vx) - Q^^Hx)) > 0, 

since g^^\x) > for A > and x^^^ — Xi'^'' —^0 as |A| — ^ 0. Similarly, 
from (6.7) and (6.10), we have 

-xr^ + x(^) = L(7 + A)(.f)-C(^))-,(^) 

and see that 

(6.11') limsup(ti2'^''(x 

A^O 



Therefore, 



We likewise have 



and 



limC'-^Hx) = uix). 
a;o 



limsup(n[^^(x) - C,^^\x)) < 
AtO 



liminf(4^^(x) - C(^^(x)) > 
AtO ^ 
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since g^'^\x) < for A < 0. Therefore, we obtain 

linK^^^Vx) = u(x) 
AtO 

and Lemma 6.4 follows. □ 

Remark 6.1. Since u = u^'^^ = ^ is a solution to (5.1), it has a poly- 
nomial growth order. More precisely, we have 

|u(x)| <C(l + |x|2), 3C7>0; 

cf. Corollary 5.1 and (3.11). Furthermore, we can see that ^ also has a poly- 
nomial growth order for each I. Indeed, ui := ^ satisfies 

= \Di{a'WjUi) + B'D.ui - DJ + ^D,{af Dju) + B^Aw, 

where 

B\x) = /3^(x) - \Di{{\\y^) - {XN:^^\*DtBy, 

2(1-7)^ 
, _ da^^ _ dB^ 

Therefore, if we set fi = — ^a^DjU^i / and fi = —\a\^DjU — f, then ui 
satisfies 

(6.14) j (^^a'Wjui - /i^Cx, dx + j (B^Dm + BiDiu)^dx = 
for each ^ G Wq'^{Bp{xo)), /) > 0, xq G We note that 

ll/i|lLP/2(iJp(xo))' ll-^1lLP/2(i3p(xo))' ll-^?-^i^llLP/2(Bp(xo))^M(^o)<C'(l + |xor°), 

3C>0,mo>0, 

which can be seen in light of our assumptions since u is a solution to (5.1), 
and is a solution to (3.1). Equation (6.14) corresponds to (13.4) in [25], 
Chapter 3, Section 13. Therefore, by the same arguments as in that work, 

/ \VuiW^dx<^{xo)\ [ {ui-k)^\VC\^dx+{k^ + l)\Akj'~^/P 

is seen to hold, where is a cut-off function supported by Bp{xQ), A^^^p = 
{x G Bp{xo)]Ui{x) > k}, and 7(^0) is a constant dominated by C(l -|- IxqPO, 
C > 0, mi > 0. From this inequality we obtain inequality (5.12) for u = ui 
in [25], Chapter 2, Section 5. Hence, similarly to the proof of Lemma 5.4 
in [25], Chapter 2, we see that ui has a polynomial growth order. 
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7. Proof of Theorem 2.4. We first state the following lemma. 



Lemma 7.1. Under the assumptions of Theorem 2.3, 
(7.1) 



7— oo 



Proof. Note that 



0< lim x'(7)<x'(7o) 

7— >— 00 



for 7o < and that x'{l) is nondecreasing. Therefore, x'(~oo) exists. Fur- 
thermore, 



7 



7 



7 



^_s._oo = since — xo < x(7) ^ 0- Here, xo is a constant defined 



and lim, 

by (3.10). Hence, we obtain (7.1). □ 



We next give the proof of Theorem 2.4. For 7 < 0, we have 



logP 



\ogVT{h)-\ogS^T 



< K 



= \ogP 
< logj-E 

= iog£; 



-jkT 



my 



Therefore, 



inf log P 

h 



from which we obtain 



1 



lim inf — inf log P 



< v{0,x;T) --/kT, 
logVTih)-logS? 



for all 7 < 0. Hence, we have 



lim inf — inf log P 

T^oo T h 



7<0 



The converse inequality is more difficult to prove. Take a constant k and 
e > such that k — e > 0. Then there exists 7^ such that 



(7.2) 



inf {x(7) - i{k - e)} = xile) - lex'ile)- 

7<0 
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We write 7e as 7 for simplicity in the following. Let us introduce a probability 
measure P defined by 



dP 
dP 



^gM^-(l/2)(Af7>T^ 



where 



Then Wt = Wt- /q{ Y^S*a + N''^ \* Dw}{Xs) ds is a martingale under the 
probability measure P and 

dXt = P{Xt)dt + X{Xt)dWt 

(7.3) 

= |/3 + ^^AS*a + XN::^^X*DwUXt) dt + X{Xt) dWt. 

Note that (Xt,P) has the same law as the diffusion process {Yt,P) governed 
by stochastic differential equation (4.12). We further note H-J-B equation 
of ergodic type (2.18) can be written as 

(7.4) x{7) = Lw-^{Dw)*XN::^^X*Dw-Uy 

by using L defined by (4.16). On the other hand, (5.1) is written as 

x'(7) = Lw^+ ^,, ^ .J aX*Dw + ay{aa*y^{aX*Dw + a) 
2(1-7)^ 

(7.5) = Lw^ + , ^ ,J X*Dw + S*a)*E*(SS*)-iS(A*L'u; + E*d) 

2(1-7) 



=: Lw^ + Vi{x), 



owing to Lemma 6.3, where w^y = j^. Now we have 



logVT(/i)-logSO 

= \ogv + \hla{Xs)-hilaa*{Xs)hs^ds + j\la{Xs)dWs 

= \ogv+ [ h:a{Xs)dWs 
Jo 

+ rihlaiX,) - \Kaa*{X,)hs + -^KaT.*a{Xs) 
7o I 2 1-7 

+ hlaN-^X* Dw{Xs) \ ds 
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logv+ [ Ka{Xs)dWs 
Jo 

+ ^ !^r^iKa{Xs) + h*aX*DwiXs)) - hlaa* {X,)h,^ ds 
log?; + ^ !^hs-j^iaa*)~\a + a\*Dw)^ a{Xs)dWs 

X o-cr*|ft,s - ^-^(o-cr*)"^(a + crA*I)it;)| ds 
1 f'^ 

+ Tr7- / {a + aX*Dwy{aa*)-\a + a\*Dw){Xs)ds 

2(1-7)^ 7o 



:log?; + M^-^(M^)r 



+ r -^{{(Ta*y\a + a\*Dw)}*a{Xs)dWs 
Jo 1-7 



/o 1-7 

+ r Vi{Xs)ds, 







and we set 



Note that ac — e = x'(7)- Then it follows that 

P (^^{logVTih)- log S^)>K 

rT 



<p(^^logv + ^J^ Vi{Xs)ds>x'h) + l^ 
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Taking Lemma 4.2 into account, we have 



P 



1 



{tJo 1-7 



{{aa*)-\a + aX*Dw)}*a{Xs)dWs > - 



< 



< 



c 



E 



T 



Vi{Xs)ds 



for some positive constant C and 

Thus, by using the following lemma, we can see that 
(7.6) 



■eT/3 



p(^^ilogVT{h)-logS^)>K^ <e 



for sufficiently large T. 



Lemma 7.2. For sufficiently large T we have 

I II )M v; I / 

P 



\ogv 1 

— ^ + 

I 







Proof. By Ito's formula, 



T 



{L{^)w^{Xs)]ds+ / {Vw.,{Xs))*\{Xs)dWs 



T 



Therefore, 



Vi{Xs)ds + ^{^)T+ / {Vw^{Xs)Y\{X,)dWs 



Vi{Xs) ds = x'(7) + - w^{Xt)} 



+ 



{Vw^{X,)fX{Xs)dW,. 



Thus, 
P ( log f + 



T 



Vi{Xs)ds>^{^) + 



p(^\ogv + ^{w^{x)-w.,{XT)} + ^ I {Vw^{X,)rdWs> 
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<P{ ^logv > +p(^{w,{x) - w^iXr)} > I 



< 



+ P 
81 



E[\w^{x)-w^{Xt)\'^] + 



9 
81 



E 



{Dw^)*\\*Dw^{Xs)ds 



Hence, by taking T and R to be sufficiently large, we obtain our present 
lemma because of Lemma 4.2; cf. Remark 6.1. □ 

Let us complete the proof of Theorem 2.4 for < k < x'(0~)- Set 
M7 = _^*{ + {Dw)*\N-^Y^s) dWs 



and 



Ai = {-M^ > -eT}, 

A2 = {-\{M^)t > (X(7) - 7X'(7) - e)T}, 



A. 



(log Vt (h)- log S^)<K 



Then 



p(^^{logVT{h)-S'r)<^^ 



E 



M--ii/2){A.DT. l(iogVr(/i) - 5^) < AC 



> e(x(7)-7X'(7)-2£)Tp(^^ ^ ^ 

> e(x{7)-7X'(7)-2£)T|-^ _ p(^c) _ p^^c) _ 

We have seen that P{A^) < e holds for sufficiently large T in (7.6), and 
it is straightforward to see that likewise P{A\) < e for sufficiently large T. 
Therefore, taking the following lemma into account as well, we have 

p(^^{logVTih)-logS^)<K^ >eW7)"7x'(7)"2£)T^^_3^) V/iG?^(r), 
for sufficiently large T, and 



lim — inf logP 



log Vt(/i) -logs" ^ w , , , . 

— < K > xiv - IX (7) - 2e 



T 



= x(7) - 7('^ - e) - 2e 

> inf {x(7) - 7('^ - £)} - 2e 

7<0 
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for each e. Since xil) is smooth and convex, J{k) = inf^<o{x(7) ~ 7'^}) 
K > 0, is strictly concave, and thus continuous. Hence, 

hm — inf loepf — - — "^^ }^ — ^ < /t^ > inf |y(7) — 7k|. □ 

Lemma 7.3. Under the assumptions of Theorem 2.4, 
Pi^M^h > -ixil) - 7X'(7) - e)T) < e 
holds for sufficiently large T . 

Proof. First note that 

2 7 2^ ^ ' 2(1-7)2 ^ ^ 

and 

7 7 7^ 



2(1-7) 2(1-7)2 2(1-7)2- 
Then, from (7.4) and (7.5), we have 

X{l) - ixil) = L{w - jw^) - l{DwrXN-'X*Dw -U^- jVi{x) 



L(w - -fWy) - -(Dw)*XN-^X*Dw - ^,^(AS*a)*Z)^^; 

'9 ' {^i — 



+ ^{DwyX{N~^ - {N~^f)X*Dw - 7^2(1 - -ffa^^*a 

L{w — 7^7) 

1 / \ * / 



Set 



-T.*a + N-'X*Dw] \^^T.*a + N-'X*Dw\. 
2\1 — 7 ' /\1 — 7 ' 



V2{x) = i (^-^T.*a + N~^X*Dwj (^^^S*a + N~^X*Dw ] . 

Then 



2 

By Ito's formula, we have 

{w - jw^){Xt) -{w- ^w^){Xo) 

L{j){w-jw^){Xs)ds+ / D{w-jw^){XsTX{X,)dWs 

Jo 

{x(7)-7x'(7)}i+ fv2{Xs)ds+ f D{w-^w.^{XsTX{X,)dWs. 
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Thus, 



pQ(M^)t + {x(7) - 7X'(7)}T > eT 
= p(^w - '^w^){Xt) -{w- jw^){x) 

- J^D{w- rw-y){XsrX{Xs) dWs > eT 



+ P(^-^ D{w--fw^){X,yXiXs)dWs>^y 

Hence, we obtain the present lemma in the same way as Lemma 7.2. □ 

For K < 0, we shah prove Theorem 2.4. By convexity, we have 
x(-l)>x(7) + x'(7)(-l-7), 7<-l- 

That is, 

xii) -iK< x(-i) + x'ii) + lix'ii) - /«)• 

x'ij) is monotonically nondecr easing, and x'il) — as 7 — t- —00. Therefore, 
we see that 

x(7) — 7^ — — 00 as 7 — )■ — 00. 

Hence, 

inf {x(7) - 11^} = -00. 

7<0 

On the other hand, by taking h = 0, we have Vrih) = vexp{rT) and 

for sufficiently large T. Thus, J{k) = —00. 

8. Proof of Theorem 2.5. For a given constant < k < x'(0~)) take 7(k) 
such that x'(7('^)) = ^) namely, 

inf {x(7) - 11^} = Xilii^)) - j{k)k. 

7<0 



Then, since 

7(k)' 



inf logP('i^^M^^l^ < , ) < inf logi, 
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we have 



J{k)< lim — inflogi? 

T^oo T h. 



Therefore, if we prove that 



hm — inf log E 

T^oo T h. 



lim — log E 



yy(/i(7W))yW' 



then we complete the proof of the present theorem because 



J(k)<Joo(k)< lim 7^1og£; 



yy(/i(7W))yW- 



cO 

kJrp 



and J{k) = inf^<o{x(7) ~ T'^} by Theorem 2.4. (8.1) is proved in the follow- 
ing proposition. 

Proposition 8.1. Under the assumptions of Theorem 2.5, (8.1) holds. 



Proof. Let w = u;('>'('^)) be a solution to (2.18) for 7 = 7(k) and h 



(7) 



h{Xt), where Xt is the solution to (2.24). Noting that 
(8.2) 



r]{x, h) = h*a —h*aa*h 



1 



2(1-7) 

we have 

w{Xt) - w{Xo) 



a aa a ■ 



1 



2(1-7) 



{DwyXa*{aa*y^aX*Dw, 



t (I 

- tv[XX*D^w] + (/3 + -fXa*h)*Dw )■ {X,} ds 



(Dw)* X{Xs) dw} 



i^tT[XX*D'^w\+[i;Dw 



+ ^^{DwyXa*{aa*)-^aX*Dw\{Xs)ds 
1-7 J 

{DwyX{Xs)dw} 
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rt 



^{Dw)*XX*Dw}{Xs)ds 



+ f{DwrX{Xs)dw} 
Jo 



X - lviXs,h^;'^) - ^iDwrXX*Dw{X,)^ds 



+ f {Dwyx{Xs)dw}. 

Jo 



Thus, 

Let us introduce a new measure P defined by 

= plo {Dwr\{Xs)dW} -(1/2) j;f{Dwr\\'Dw(Xs)ds 



dP^ 

Then 

ft 



Wt = w}- I X*Dw{Xs)ds 
Jo 



is a Brownian motion process under P and 

= {f3{Xt) + 7Aa*/i(Xt) + XX*Dw{Xt)}dt + A(Xt) d^. 

Therefore, 



^-w{Xt) _ ^-i»{x) 



T 

e-<x,)[Dw)*X{Xs)dWs 



-^{DwYXX*Dw\{Xs)ds 



T 

e-^{x,){DwyX{Xs)dWs 



-wiXs) 
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+ -^iDwyXa*{aa*y^aX*Dw 
1-7 



+ -{Dw)*XX*Dw}{xs)ds 



f 

Jo 



-w{Xs)i 



e -^-"'{Dw)*X{Xs)dWs 







Then, by the arguments using the stopping time, we have 



Hence, we obtain 



-w{x) 



+ 



T 



hm -logE^^o 'iv{XsM'")ds^ ^ ^^^^ 

T^oo T 

by taking into account (2.25) and (8.2). The converse inequahty holds since 



APPENDIX 

Let Lq be an ehiptic operator defined by 

Lou ■■=I Y1 ^"'i^)DijU + b\x)D, 

(A.l) 

~ 2 



u 



where a*-' (x) and 6' (x) are Lipschitz continuous functions such that 

(A.2) ko\y\^<y*aix)y<ki\y\^ yyeR^,ko,h>0 

and U = U — ^"^j Djtt^^ . We assume that there exists a positive function 
i;£C^{R^) such that 



(A.3) <^ 



'ip{x)^oo, as|x|— )'00, 
-LoiP - ^{D^jyaDiP > 0, X G B'j^ , 3i2o > 0, > 0, 



{ Lq^ < -1, 
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Set K{x;ip) = —LqiP, 

^ { ^^.2n W{x)\ 

= n G <f ; ess sup ^ < oo 



Fk = {f Li~ ;esssup— < oo 



_\m\ 



and 

V = Br^ = {x£ -,1x1 <Ro}. 

Then we consider the fohowing exterior Dirichlet problem for a given bounded 
continuous function h onF = dV: 



(A.4) 



-LoC = 0, x€ V\ 



i\v = h. 



Proposition A.l. Exterior Dirichlet problem (A.4) has a unique bounded 

r2,P 

loc 



solution ^ G W?'^ D L°° , 1 < p < oo 



(A.5) 



Proof. We first show uniqueness. Note that 

-Lo'il^ = K{x;il^)>0, xeV, 
and set ^ = fj,ip. Then 

= LoC = (-Lom)V - M)li - {DfiYaDi;. 
Therefore, fi satisfies 

-Lofi - I — I aDfi —fi = 0, 

. h 

^ r = — and ^(x) — as x — ^oo. 
Let Hi and be solutions to (A.5). Then g := hi — ij,2 satisfies 

(A.6) ~^''~[~) ^^9-^9 = 0, 

\g\r = and g{x) ^ as|x|— )-oo. 

To prove uniqueness, it is sufficient to show that the solution g to (A.6) 
is trivial. For each e > 0, there exists Rg such that \g\ < e,-B^ • Take R > 
Rs^ Rq- Then we see that 

\g\<e, BrDV, 

since ip > and K{x] -0) > in V^. Thus, we see that g = because e is 
arbitrary. 
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Let us show the existence of the solution to (A. 4). We can assume h>0. 
Consider the fohowing Dirichlet problem for R> Rq: 

/A7^ (-Lo^R = 0, BrDV", 

Then we have 

(A.S) IICi?llL°°(BflnD'^) < ll^llL°°(r)- 

It is clear that ^r < ^ri and R < R' hy the maximum principle. Therefore, 
there exists ^ G n V) and 

< ll^llL°°(r)- 

When taking 

V* CCV cBrHV, 

we see that 

Ur\\w^.p{v*) < c\\Cr\\^p(p-^ < c'IICrJIloo(^) < c'||/i||ioo(r). 
Thus, (,R converges to ^ weakly in W^^^. Regularity theorems show that 

uwt- □ 

Let us take a bounded domain Di such that D C'Di and a bounded Borel 
function (p onTi = dT>i . We consider a Dirichlet problem 



(A.9) 



-LoC = 0, Pi, 



which admits a solution <^ G VF^'^(Pi) n L°°. For this solution, we consider 
exterior Dirichlet problem (A. 4) with h = C,. Then we introduce an operator 
P : B(ri) ^ B(ri) defined by 

(A.IO) P0(x)=^(x), 2;eri, 

where ^{x) is the solution to (A. 4) with h = C,. In a similar manner to Lem- 
ma 5.1 in [1], Chapter II, we have 

sup ^x,y{B) < 1, 
BeB{Ti),x,yeri 

where 

X,,y{B) = PxBix)-PxB{y), BeB{Ti). 

Moreover, we have the following proposition; cf. Theorem 4.1, Chapter II 
in [1]. 
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Proposition A. 2. Operator P defined above satisfies the following prop- 
erties. 

(A.ll) ||P0||L-(r,) < ll0llL-(r,)' ^l(^) = 1, 

and for some 6 > 0, 

(A.12) PxBix)-PxBiy)<l-S, x,y€Ti,B€BiTi). 

Furthermore, there exists a probability measure 7r{dx) on (ri,;B(ri)) such 
that 



(A.13) 



^m-jm<dx) 



<K\\ct>\\L^e-P^, 



1 2 

P = log^; — 



l-<5' 1-5' 
and 



(A.14) j ^{x)TT{dx) = J P^{x)Tr{dx) 

for any bounded Borel function (j). 

Consider an exterior Dirichlet problem for a given function / £ Fx- 
(A.15) 

Then we have the following proposition. 



—Lqu = /, x 
n|r = 0. 



Proposition A. 3. For a given function f £ Fx, there exists a unique 
solution u E W"^^^, 1 <p< oo, to (A.15) such that 

\u(x)\ 
sup — ^ < oo. 

Proof. Assume that / > 0, / G Fx. For R> Rq we consider a Dirichlet 
problem on Br D V^: 

(XiQ) \-LQUR = f, x^BrHV", 

There exists a unique solution UR E Wq'^{Br DV ). Set 

1/(^)1 
c/ = ess sup— -. 

xev^ K{x;ip) 

Then we have 

(A.17) 0<UR<Cf'ilj. 
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To see that, set uji := Ufi — c/V- Then 

-LqUr = -Lqur + CfLoip 

= f-CfK{x;^)<0, V'hBr. 

Therefore, 

UR < 0, n Br, 

since ur is subharmonic in V HBr and Ur <0 on TuOBr. Hence, we have 

UR < Cftp. 

On the other hand, 

-LQUR = f>Q, BrHV". 
Hence, ur is super harmonic and ur = on F n OBr. Thus, 

UR>0, BrHV", 

and (A. 17) holds. 

If / < 0, / G Fk and Cf = esssup^g-pc 7^^^, then, through the same ar- 
guments for — /, we obtain 

— cjV < u]^ < 0, 

where —u]^ is the corresponding solution to (A. 16). Therefore, for general 
/ = /+-/", we have 

— Cflp < Ur < Cf^. 

Let be a solution to (A. 16) for /"*". Then, is nondecreasing with 
respect to R because of the maximum principle. Indeed, for R< R' , we have 

-Lo(4, -u+) = 0, BrHV", 

u^, - -u^ > 0, r u obr. 

Since is dominated by c/^, there exists n"*" such that 
li^(x) = lim ut>{x), n"'"(x)|r = 0. 

R— i>oo 

Let us show that u'^{x) satisfies 

-Lou+ = /+, V". 

Set 

V*:=BRr\V% V' CCV*UdV*. 

Then we have 

\\u^\\2,p;V' < c{\\u^\\p;V* + ||/"^||p;D*) 
<c{\\u+\\oo;V' + \\f+\\p.V*. 
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For V" C V injection W'^^p{V') ^ W^^'i{V"), 1 < g < is compact. There- 
fore, —7- weakly in W^^^ for each l<q<oo and u'^ is a weak solution 
to 

'-Lou+ = f+, R!'r\V\ 
w+|r = 0. 

By the regularity theorem G ^lo'f > > 1. 

Similarly, we have u~ € W"^^^, which is a solution to 



■c 



-Lou- = f~, RTiV 
u~\r = 0. 

Now let us prove uniqueness. For i = 1, 2, we assume that Ui is a solution 
to (A. 15) such that 

-Cftp <Ui<Cf'ip, UieW^^^. 



Then u = ui — U2 satisfies 
(A.18) 



—Lqu = 0, V , 

u\r = 0, -2cfip<u<2cfij,u£Wi^^. 

We shall prove that u satisfying (A.18) is trivial, u = 0. For this purpose, 
we set 

U = V'4>°', a = l + Ca>l, 

where Ca > is the constant that appears in (A. 3). Since —Lqu = we have 



f D%h\* „ av { , Q — 1 
Lov + 2a\—i^] aDv + —ILqiP + 



{D^YaDi) ^ =0. 



Note that 

-Loi) - '^^(Di^YaDil) = K(x; - '^^iDi^Y aDil^ > 

for |x| ^ 1 under assumption (A. 3). Moreover, 

u 

V = >0 as \x\ — )• oo. 

Hence, from the maximum principle, we see that v = as in the proof of 
Proposition A.l. □ 

Let / be a function on ii" such that / is bounded in D and / G Fk{'D'^), 
and Vi a bounded domain such that V cVi. We consider 



(A.19) 



-Lo^ = /, Pi, 
^|ri=0. 
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and 
(A.20) 

Then we set 

and 
(A.21) 

We further consider 
(A.22) 



e|r = ^'|r. 



r/(x) = C(x), xeTi, 



Hf) 



-Loz = f, 

z e W^^P, sup ^ < oo. 



Then, as in the proof of Theorem 5.3, in [1], Chapter II, we obtain the 
following proposition. Here, we only give the proof of the existence of the 
solution for use in Section 6. 

Proposition A. 4. Equation (A.22) has a solution unique up to additive 
constants if and only if vi^f) = 0. Moreover, 



(A.23) v{f) = j m{y)f{y)dy 

for m G L^{R^), jtt, > and —L^m = in distribution sense 

(A.24) [m{y)i-Loz)dy = 0, zeW^^^, 



such that z £ and —Lqz S Fk- Furthermore, m{x) is the only function 
in L} satisfying (A. 24) and 



m{x) dx = 1. 



Proof of existence. Let Co = * and % = where ^ (resp., is the 
solution to (A. 19) [resp., (A.20)]. For each A; = 1,2,... define (k and rjk as 
follows. Let Cfc be the solution to (A. 9) for = %_i, and % the solution 
to (A.4) for h = Ck- Then 

r,o{x)\r,=Tf{x), r/„(x)|ri = P"(T/)(x), n = l,2,.... 

Since Jp^ T f{x)i:{dx) = 0, we have 

\P-{Tf){x)\<K\\TfU^^r,)e-^ 
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(A.26) 



by (A.13). Set U^) = Ek=oVk{x),U^) = ELoCfc(^)- Then 
fln\r,=Tf + P{T /) + ■■■ + P^iTf). 

Therefore, we see that there exists f] £ C{Ti) such that — ^||L°°(ri) ~^ 0, 
n — )• 0. Moreover, we have 

ll^n||L°°(ri) < ^ll^/llL°°(ri) i_^~p - 

Note that ^„ is the solution to 

(A.25) f7ioCn = /, -Di, 

[ CnWi = Vn-l\ri, 

and fjn the solution to (A. 20) with ^(x) = Qn- Noting that 

llCn — Cm||L°°(X'i) < llCn — Cm||L°°{ri) < ll^n-1 — ??»n-l || L°° (Fi) i 

we see that C„ converges in C(Pi) and weakly in W^^^ since its W"^^^ norm 
is bounded; cf. Theorem 9.11 in [16]. By the regularity theorems, the limit 
C e W^^l n C(Pi) and satisfies 

C|ri=??. 

On the other hand, ijn — C is the solution to (A. 4) with /i = — ^|r = 
EiLiCilr and 

WVn - CllL°°(r) < 
Thus, we see that 

WVn - < ll^n-l||L°°(ri)5 

and fjn converges in C(P'=) and weakly in W^^^iV). The hmit 77 e Wj^f (P'=)n 
C{T>'^) and satisfies (A. 20) with ^' = Setting z = in T>i and z = 7? in P'^, 
we have a solution to (A. 22). □ 
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